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NOTE ON THE FINITE CONTINUOUS GROUPS OF 
THE PLANE. 

By F. B. Williams, Clark University, Mass. 

Presented by Henry Taber, October 11, 1899. 

Since Professor Study * made the important discovery that the special 
linear homogeneous group contains singular transformations, i. e. transfor- 
mations that cannot be generated by an infinitesimal transformation of 
this group (in consequence of which the group is not continuous except 
in the neighborhood of the identical transformation), such singular trans- 
formations have been found by Professor Taber f and others, in many 
other sub-groups of the general projective group. Thus, e.g., Mr. Rettger 
has shown that of the 76 two and three term sub-groups of the projective 
group in two variables, and of the general linear homogeneous group in 
three variables, 21 contain singular transformations. J It was therefore 
to be expected that, for example, among the groups of the plane given 
by Lie on pages 360 and 361 of his Gontinuierliche Gruppen, some, not 
sub-groups of the projective group, would be found to contain singular 
transformations. This I find to be the case, as the second group consid- 
ered below will show. The first group considered is projective for the 
value of r taken ; and, in connection with the consideration of this group, 
there is given a method by means of which we are able to ascertain 
whether a group contains singular transformations or not. 

9 9 

Throughout this paper p — ^r— and q = ^— . 

Example I. 
If in the case of the group 

q, xq, x 2 q . . . x"- 1 q, p, xp + «yq, 
(r>8) 

* Leipziger Berichte, 1892. 

t Bull. N. Y. Math. Soc, July, 1894; Math. Ann., Vol. XL VI. p. 561; Math. 
Review, Vol. I. p. 154. See also Newson, Kansas Univ. Quart., 1896. 
t See These Proceedings, Vol. XXXIII. 
vol. xxxv. — 7 
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we put r = 4, we have the group 

q, xq, p, xp + ayq, 

which is a sub-group of the general projective group. 
The symbol of the general infinitesimal transformation is 

U= (a x + a 2 x + « 4 «y) q + (a s + a i x)p. 
Hence, 

Ux = a 3 + «4 x, 

U % x :=a s a i -\- a 2 x, 



U n x = a s af- 1 + afx, 
where U 2 x denotes U( Ux), etc. Similarly, 
Uy = a 1 + a 2 x + a^y, 

U' 2 y = a t <z 4 a + a^a^ax + a t 2 a 2 y + a 2 a t x + a 2 a st 
V 3 y = a x a t 2 a? + a^a? a 2 x + a 4 8 « 8 t y + a 2 a 2 {a + l)x + a^a^a^a + 1), 



U"y = a^-V- 1 + a i a i "- 1 a n - 1 x+ a i n a n y+a i a i »- 1 ( a n - 2 + a*- 8 +...« + l)ar 
+ a s a 8 a 4 - 2 («"- 2 + «"-« + ... + « + 1). 

Therefore,* the transformation of the group generated by the general 
infinitesimal transformation of the group is defined by the equations 

3 / = xe a * + ^(e at -l), 
(1) 

aa 4 (a — 1) «8( 

Let this transformation be denoted by T a . It transforms the point P 
with coordinates (x, y) into the point P' with coordinates (x', /). Let 
the transformation Tb of our group (generated by the infinitesimal trans- 
formation (b x + 5 2 x + b t ay) q + (h + 5 4 x)p) transform P into P" with 
coordinates (x", y"). 7& is then defined by the equations 

* Lie, Differentialgleichungen, chap. 3, § 3. 
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(2) h 

+ h !; bs u (e ah -ae b '-l + a ) + \(e^-l). 
064(0 — 1) « o 4 

Substituting in (2) the values of a;' and 3/ from (1), we get the transfor- 
mation T b T a which carries the point P into the point P" . The equa- 
tions defining T b T a are then 

x" = x e ai + * 4 + ^ (e* 4 + 6< - «*) + £ (/< _ 1), 



a 



h 



(3) 
y" =y e a(ai+bl) + X i - ( e a(a4 + 64) _ e a » + ° 6 «\ + £^/ e a6 4 _ e b *\ \ 

g 2 a s f^iaj+bj) ai+abi aft, a& 4 . «l . a(a 4 +6 4 ) ab, 

T 57 1"^ u -foe ^-f l« e ) 

aa^ia — 1) «fl4 

. " 2 63 , b, b t - \ , "1 / « *i i \ 

+ _ ^7 tt(« 4 -«e -l + «) + -r-(e -1). 

a O4 (« — 1) « o 4 

If now 7^ T^, which is also a transformation of our group, is equiva- 
lent to a transformation T c , generated by the infinitesimal transformation 
(c x + c 2 x + c 4 «y) q + (c 3 + c t x)p, — that is, if T b T a — T c , we have 
also 

x = xe H — (e — 1), 
(4) 

„ ac t , C 2 X / o-Oi c 4 * C2 C S / " c » „ c » 11-1 

^=y e + c T(^T) (e - e)+ « c /(«-i) (e -« e -!+«) 

+ .£l ( / c *_i). 



Whence, first, 



e Ci = e a, + h , 



ac t a (a 4 + b t ) 

e = e ; 



and therefore, 

c 4 = a 4 + 64 + 2k7t*, 

0C4 = « (a 4 + 5 4 ) + 2/^ 1, 
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where k and k are integers. From these equations it follows that « « 
is an integer. Therefore, if a is irrational, k = 0; On the other hand, 

if a is rational and equal to - , where /n and v are integers relatively 

prime, k = X v, where X is an arbitrary integer. 
We also derive from (3) and (4) 

« 4 + h + 2 k w i C a a 6 b 3 . . , . 7 

C3 = V+*»-i k {et+i ~ e)+ i {ei ~ 1} ; 

= t («> V), 

a t + b t + 2kttJ ( a 2 „ («, + b t ) a, + a 6 4 . 6 2 , a 6 4 6« ) 

'* - e a(a 4 + 6 4 J3^T6 4 | „/« ~ e > + %<? ~ e > / 



a 4 + & 4 + 2 k it i ( <£^ a (o 4 + 64) 



C ' -" " 'a 4 + 6 4 )_ 1 t ~ (« 4 + 6 4 + 2k7T*') 2 (« - 1) ^ 



e'"' 



a» 4 . Oil . o(a 4 + 6 4 ) «»(, . 02^3 / «6 4 6 4 



_ 1+a) + ^ (e - 6 ._l)} 



V 

If for finite values of the a's and b's, while some of the c's may remain 
finite, one (or more) becomes infinite in all branches, there is no 
infinitesimal transformation of the group that will generate T b T a , i. e. 
T b T a is a singular transformation. 

Let a be irrational. Then k = ; and for all finite values of the a's 
and b's, c 4 is finite. But, if a 4 + 6 4 = 2 m ir i for some integer m =f= 0, 
c 3 is infinite, provided 

«3 ,«, + 6 4 _ e » 4 i 3 (e * 4 _ 1} = /% _ b\ _ g6 a 

a 4 h \a t bj 

Similarly, if (« — 1) (o 4 + b t ) = 2miri ^ 0, c 2 is in general infinite; 
and, if « (a 4 + b t ) = 2 m 7r i 4= 0, Ci is in general infinite. 

Let now « = - ; then e 4 is, as before, finite. In this case, as stated 

above, k = \v, where X is an arbitrary integer; and if a 4 + 5 4 = 2 miri 
^ 0, c 3 , and therefore c it are in general infinite unless 

2 7r i (m + X v) = a 4 + b i + 2 ktti = q, — 
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that is, unless m contains v. Therefore, if a i + b t = 2 m iz i ± and 
v 4= 1, we can always so choose m that c 3 shall, in general, be infinite 
and T b T a singular. On the other hand, if a 4 + b 4 = 2 m ir i, and if 
v = 1 (i. e. if a is an integer), one branch of c 8 is always finite, and the 
same is true for Ci and c 2 : so in this case T h T a can be generated by an 
infinitesimal transformation of our group. 

When « is rational there are, however, always singular transforma- 
tions of the group. For let 

, 2,mtri 2mviri 

« 4 + b * = r = • 

a — I ft, — v 

Then in general (i. e. provided the function of the a's and b's found in 
the second factor in the expression for c 2 is not zero), c 2 is infinite unless 

2 v it i ( — \- X.) = a, + b. + 2 Kiri = ; 

\P--v J 

which is impossible if m is so chosen that it shall not contain /t. — v. 

Therefore, whether « is rational or irrational, if a, + b, — — 4= 

a — 1 

(where m is an integer which if a is rational and equal to - does not con- 
tain ft. — v), <? 2 is in general * infinite, and consequently T b T a cannot be 
generated by an infinitesimal transformation of our group ; i. e. T h T a is 
then singular. 

Among the singular transformations of our group obtained by putting 

a i + bi = + (where if « is rational and equal to — , the integer 

m does not contain ft. — v), let us consider those for which, further, 
a s = b 3 = 0. These singular transformations are defined by the 
equations » 

2miri 

o/ = a:e a - 1 ) 

(5) 

y ' ■=ye a - 1 + Mx + N (M$0). 

The singular transformations ^defined by equations (5) leave invariant, 
as a whole, the system of lines x = const., but change each line into 

* I. e. provided 2? (e a ( a > + 6 »> - e a ' + a6 «) + ^ (e ab * - e h >), which in this case 



becomes (-* e a * - ^) (e 6 * - e ab <), is not 
V<4 b J 



zero. 
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some other line of the system. Associated with 2' is a one-term group 
whose path curves, x = c, are as a whole unchanged by T, The path 
curves of our group are given by the equation 

dx _ dy 

« 8 + a 4 x a x + a 3 x + -a i ay' 

the solution of which gives 

a« , » ct\ cti — cu a 3 

» = v ( i-„) ^ + a * x \ — -^f- + *<«« + a >^> 

where y is the constant of integration. If in the symbol of the general 
infinitesimal transformation U we put a t = 0, a s .= 0, and a x and a 2 finite, 
we get the one-term group whose symbol of infinitesimal transformation 
is U± == (a x + fl 2 x) g, and whose path curves are x = const. ; which is 
then the one-term group associated with the singular transformations T. 

Example. II. 





a K X a K x 

e g, xe g, . 


Pit a K X 

. . x e g, p 




K = 1, 2, . 


. . m, a K = const., 


2p K + m r — 1, 


r > 2. 



Put r = 3, »c = m = 1, and p K = 1. We then have the group 
e aX g, xe ax q, p. 

The symbol of the general infinitesimal transformation is 

U= (a ie ax + a 2 xe ax ) g + a s p. 
Hence, 

TJx = a s , 

U 2 x = 0, 



U n x = 0, 
and therefore a;' = x + a s . Further, 
Uy = a 1 e ax + a 2 xe ax , 
U' 2 y = a 1 a 3 ae ax + a 2 a s e ax + fljajiu; e ax , 
U 3 y^ ai a 3 2 o s «" + 2a ! a 3 2 « e ax + a 2 a s 2 « 2 x e ax , 

£7* + 1 y = a, a s n «V* + n a 2 a 3 ra a" ~ * « a * + a, a," «* * «" 
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Therefore, 



y' = y + xe* x { 2*. (e" a > — 1) 1 + e" x fL (e aa * — 1) 

| e ^_( 1+ttg8+ ^) |-|r 



+ «2 { J + 3 



9a s 



Hence the ao 8 of non-singular transformations T a have the form 

*' = x + « 3 , 
0) 

/ =y + xe ax <f,(a) + e ax <l>(<*)- 
where 



>/'(«)= CT r 



««3 

■°» _ 1 \a 

—~ + «2 < K + «3 



V «2 <*3 ' _ 



«a 3 « ( \ ««3/ ««3 ■& ) 



(2) 



Similarly, the transformation 7* may be defiued by the equations 
*" = x' + *„ 

/ = / + «»^(J) + ^>(5). 
And, therefore, 7j T a is defined by the equations 

x" — x + « 3 + S 3 , 

(3) 

y" = y + x e* x |> (a) + e an * $ (J)) + e« x (,/r (a) + «,•«* <£ (6) 

+ «"**(»)]. 

If now Tj 7^ = 7^ , we have also 

# = X -f- c 3} 

(4) 

y" = jr+*«"**(c) + «">(«). 

Therefore, 

c 3 = « 3 + 8 g , 

*(c)=*(o) + e"'**(»), 

^ (c) = ^ (a) + a, «•««• (J) + e a0 * ^ (4). 



c x = 



g a (<2 3 + 6 : 



+ 
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Whence we derive 
c 3 = a 3 + h, 

- -&£%[■*. ('*-»+ & ('•'■■ + '" - •->] 

= O (a, J), 

• KH)_r_DM( h+w / i_\ 

3) - 1 L ■ < V «(« 3 + * 3 )/ 

i _«(^)j^ (a)+a/ ^ (J)+r#) _ 

a (a g + 6 3 ) 2 > J 

From these equations it follows that c 3 is finite for finite values of the 
a's and b's ; but if a s + J 3 = =}= 0, where k is an integer not zero 

a 

(a being either rational or irrational), then c x and c 2 are, in general, both 
infinite in all branches (and, indeed, c x is infinite to the second order), 
that is, unless 

(5) — (e aa * - 1) + A («*(«» + »s) - e aa >) = 0, 

« a s « 6 3 

and 

-n(q,t) r ( „ +M / 1 \ L__^a±*3)1 

W « L V <*(<** + h)) + a (a 3 + b s ) 2 J 

+ «/r (a) + a s e aa " <f> (b) + e aa * f (b) = 0. 
If (5) is satisfied and (6) is not, we have c 2 finite and c x infinite to the 

first order for a 5 + b s = ■ — ={= 0. Therefore, if a 3 + b„ = ^ 0, 

where k is an integer, 7j T a is, in general, singular. 

Among the singular transformations of our group obtained by putting 

a s + b$ = =j= (k an integer), let us consider those for which, 

(X 

further, a 2 = 5 2 = 0. Equation (5) is then satisfied ; and these singular 
transformations are defined by the equations 

(k an integer ^ 0), 
(Mi. 0). 



x' 


2 k ni 

= x + 

a 


y' 


= y + Me ax 
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The singular transformations ^defined by equations (7) leave invariant, 
as a whole, the system of lines x = const., but change each line into some 
other line of the system. Associated with T is a one-term group whose 
path curves, x = c, are as a whole unchanged by T. The path curves 
generated by the general infinitesimal transformation of this group are 
defined by the equation 

dx dy 

a s e aX (% + a 2 x) ' 

the solution of which gives 

e ax (ax a + a 2 a x — a 2 ) = a a e?y -\- c. (c = const.) 

If, now, in the symbol of the general infinitesimal transformation U, we 
put a s = 0, a 2 = 0, and a x finite, we get the one-term group, whose symbol 
of infinitesimal transformation is U x = a 1 e ax q, and whose path curves 
are x = const. ; which is then the one-term group associated with the 
singular transformation T. 

The following groups do not contain singular transformations, and are 
properly continuous groups. 





Example III. 




9> 


<t> 2 (x)q, . . . <£ T _ i (a;) q, 
r > 2 


yq 



Put r = 3 ; we then have the group 

q, <t>(x)q, yq; 



and 
Therefore, 



U= a x q + a 2 <t> (x) q + a s y q. 

Ux = 0; 

Uy = a 1 + a 2 <f>(x) + a s y, 
IPy = «! a s + <z 2 a s <j> (x) -f a<?y, 



U n y = % a 3 n - i + a 2 a 3 " - i <£ (x) + a s "#. 
Hence the transformation y a of this group is defined by 
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x' = X, 
(1) 

/=j*'+ fi±f*® )(*'-i)» 

and the transformation 7^ by 
(2) 

Therefore, if T h T a = 2;, 



c 2 = 



g , + ^ + 8K»» C i3 _!)■£. + eh _ 1} ?* 



C 3 = a 3 + 63 + 2 k n i. 

For finite values of the a's and b's, every branch of c 8 is finite, and at 
least one branch both of c x and of c 2 is finite. For c x and c 2 can only be 
infinite for a t + b s = 2 *» 31 1 (wi an integer) ; but if a 3 + 5 8 = 2 w» ji ?', 
the branches of c x and c 2 corresponding to k = — m are finite, being equal 
respectively to 

ps (e « s - 1) J_+ («* - 1)1 = e 6 * ( e °» - 1) ^ - 1 V 

a 3 + 6 3 = 2 m * t 
and 

a 3 + 6 8 = 2miri 

The group 

y, &(*)?, . . • <t> r -\( x ) <1> V& 

is likewise continuous for values of r > 3 ; i. e. for values of r > 3, it 
does not contain singular transformations. For, if r — p > 3 the trans- 
formations T a are defined by 

x' = x, 
' — "p 4. / , a i + g 2 < fe( x )+ «»<ft 8 (aQ + - • +q„-.i<frp-i(3;) \ . « p . 
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Example IV. 





a a: ax pax 

e " q, xe q, . . . , x K e * q, yq, p 




K = 1, 2, 


. . . , m, a K = const., 2 p K + m = r — 2, 


r >3 



Put p ( = 1, k = m = 1, and r = 4. We then have the group 

e ax q, xe ax q, yq, p ; 

and V == («i e aa: + «2 * «"* + o s y)q + a^p . 

Therefore, 

tfa = a 4 , IPx — 0, . . . Z7"a: = 0, 

so that 

x' — x + a i ; 
and 

Uy = axe"* + a 2 a;e o:,! + a s y, 

U 2 y = a 1 a s e ax + a 2 a z xe ax + a 3 2 y + e ax (a 1 a i a + a 2 a t ) + xe ax a i a i n, 

U 3 y = a 1 a a i e™+a 2 a s 2 xe' a +a 3 s y+e ax (a 1 a4aa s +a 2 d i a s )+xe ax a< 1 a i aa< l 
+ e ax (a x a 4 2 a 2 + 2 a 2 a 4 2 a) + x e ax a 2 a 4 2 « a , 

U*y — a 1 a s s e ax +a i a s 3 xe ax +a s i y+e ax (a 1 a i aa 3 2 +a 2 a i a s i ) + xe ax a 2 a i aa 3 2 
+ e ax {a 1 a i ?i a i + 3a 2 a 4 V) + xe^a^a* + e ax {a l a^ a i a s + 2a 2 a 4 2 «a 8 ) 
+ a3e a *a g a 4 2 a 2 a 3 , 

Hence 

y 1 =ye a > + xe ax \ ^ (e a0 « - e a ») I 

C « «4 — «3 > 

L (a 3 -oa 4 ) 2 J' 

For the values of r, p K , and k, chosen, this group is continuous. 



